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CONTINUED FRACTIONS AND TOTALLY
MONOTONE SEQUENCES

BY
H. S. WALL
1. Introduction. A sequence ¢y, ¢1, ¢z, - - - Of real numbers is called totally
monotone if A™c, =20, (m,n=0,1, 2, - - - ), where
A™c, = ¢p — Cm.lcn+l + Cm.25n+2 —_ + (— l)mcm,m6n+m.

Hausdorff(!) showed that for every totally monotone sequence cy, ¢, ¢, - - -
there exists (essentially uniquely) a monotone nondecreasing real function
¢(u), 0=u =1, such that

1
c,.=fu”d¢(u), n=0,1,2,---.
0
Conversely, if ¢(u) isa monoton? nondecreasing bounded real function on the
interval Oéuél’ then Amcﬂ=L(1_u)mund¢(u);—07 m, n=07 1) 2) ctt, SO
that ¢, c1, €3, - - - is totally monotone.

In case the function ¢ (%) has an infinity of points of increase in the inter-
val 0=u# =1, then the corresponding sequence is a special Stieltjes moment
sequence, and accordingly there is a Stieltjes continued fraction (2)

(1.1) bi/1 4 box/1 + byx/1 4 - - -,

in which the numbers b, b2, b3, - - - are real and positive, which corresponds
to the power series

(1.2) o — 1% + Cpx? — - - -,

On the other hand, if ¢ (%) has but a finite number of points of increase, then
the series (1.2) represents a rational function of x and the continued fraction
terminates. _

The main problem which we have solved in the present paper is as fol-
lows: to find necessary and sufficient conditions upon the numbers by, b, bs, - - -
in the continued fraction (1.1) in order that the coefficients co, c1, C2, - - - i1 the
corresponding power series (1.2) shall form a totally monotone sequence. The re-

Presented to the Society February 24, 1940; received January 30, 1940. This paper is
dedicated to Edward Burr Van Vleck on the occasion of his seventy-seventh birthday, June 7,
1940.

(1) F. Hausdorff, Ueber das Momentenproblem fiir ein endliches Interval, Mathematische
Zeitschrift, vol. 16 (1923), pp. 220-248.

(%) T. J. Stieltjes, Recherches sur les fractions continues, Oeuvres, vol. 2, pp. 402-566. We
have made the substitution of x for 1/2, and have put b =1/a1, b =1/ana@n_1, # =2, in the series
and continued fraction used by Stieltjes.
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sult is very simple, namely: the sequence cq, ¢, ¢z, - - - is totally monotone
if and only if there exist real numbers go, g1, g, - - - such that 0=5g, =1,
n=0, 1, 2, - - - ,.and such that

co— 1% + c2x® — c3x® + - - - ~go/1 + gix/1 + (1 — g1)gexn/1
+ (1 — ga)gsw/1 4 - - -,

it being agreed that the continued fraction(®) shall terminate with the first
identically vanishing partial quotient.

If co, c1, €3, - - - is totally monotone, the function f(x) represented by the
power series (1.2) isanalytic for[x] <1.Let M(f)=lu.b.;; <1 |f(x)| . We show
that M (f) is finite if and only if the series ¢co+c1+c2+ - - - converges, and es-

tablish the equality
M{f)=co+ca+c+---.

We also characterize the class E of these “moment generating functions”
which are bounded in the unit circle (a) in terms of the Stieltjes integral
representation of f(x), and (b) in terms of the continued fraction representa-
tion of f(x). It is shown that if f(x) ¢ E, M(f) =1, then the functions defined
by the algorithm of Schur(*), namely:

1 tn '_fn
fn+l = ;’ 1 — t"fn’ tn = fn(o),
n=0,1,2, - - -, fo=f, areall in E and have moduli not exceeding 1 for |x! <1.

2. An operation on continued fractions. We shall use the symbol “~” be-
tween a power series P(x) and a continued fraction K (x) to indicate that the
power series expansion of the nth approximant of K(x) agrees term by term
with P(x) for more and more terms as # is increased, or becomes identical
with P(x) from and after some value of #. The basic theorem of the paper is

THEOREM 2.1. If g1, g2, g3, - - - are any real or complex numbers, and P (x)
s a power series in ascending powers of x such that

2.1)  Px) ~1+ gia/1 + (1 — g)gax/1 + (1 — g)gsa/1 + - - -,
then

1
2.2) TE 4 (= g/t 4 g — g)a/1 4 gl — g/t
P(x)

(3) Continued fractions of this form were first treated by E. B. Van Vleck, in a paper en-
titled On the convergence and character of the continued fraction a12/1+as2/14-as2/14 - - -, these
Transactions, vol. 2 (1901), pp. 476—483.

(*) J. Schur, Ueber Potenzreihen, die im Innern des Einheitskreises beschrankt sind, Journal
fiir die reine und angewandte Mathematik, vol. 147 (1916), pp. 205-232, and vol. 148 (1917),
pp. 122-145.
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Proof. Let A ,(x)/B.(x), A¥(x)/B¥(x) be the nth approximants of the con-
tinued fractions in (2.1) and (2.2), respectively. Then we have the relations
(2.3) Au(x) = gaxBXi(x) + BX(x), 1+ x)B.(x) = goxdt1(x) + A} %),
n=0,1,2, -, go=1,4*,=1, B*¥*,=0). These may be verified directly for
n=0, 1. Assuming that the first is true for n <m, m =1, we then have
Am+l(x) = An(x) + gm+1(1 - gm)xAm—l(x)

= gna@B,X1(2) + BX(%) + gma(l — gm)x[gn12Bata(x) + Bata(w)].
Since gn_1(1 —gn)xBn* 2(x) = B,¥ (x) — B,*.1(x), we then have

Ami1(%) = gmi12BX(%) + [Ba*(%) + gn(l — gm1)xB.Xa(x)]
gnr1%B*(x) + Ba(x),
so that the first relation (2.3) is true for =m 41, and therefore, by mathe-
matical induction, for all #». The second relation (2.3) may be proved in a
similar way.

On multiplying the first relation (2.3) by 4,:%.(x), the second by B,%, (x),

and then subtracting, we find that the power series expansion in ascending
powers of x of the rational function

14+ =%
An(x)/Ba(%)
begins with the (n—1)th or a higher power of x. It follows immediately that

the correspondence (2.1) implies the correspondence (2.2).
This theorem may be thrown into the following form:

AX(%)/B¥a(x) —

THEOREM 2.2. Let ¢y5#0, and

2.9 co— ax + cax? — - - ~ oo/l 4+ gix/1 4+ (1 — g1)gax/1
+ (1 — g)gsx/1+ - - .
Then
2.5) Acy — Acix + Acax? — - - - ~Ac/1 + g1(1 — go)x/1
+g:(1 — ga)x/1+ - - - .
Proof. Let ¢o/P(x) =cy—cix+cx2— - - - in Theorem 2.1. This gives at
once :

o+ (co—c1)x — (1 — c)a® + - - - ~¢co + co(l — g1)x/1
+ a(l — g)a/1 4+ - - - .

On removing the constant term ¢o from the series and from the continued
fraction, and then dropping a factor x, the correspondence (2.5) results. We
note for future reference that
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(2.6) Aco = co(1 — g1).

By means of these theorems we have enlarged by one the small list of
known operations on continued fractions.

The next theorem makes the transformation available for a large class of
continued fractions.

THEOREM 2.3. Let A,.(x)/B.(x) be the nth approximant of the continued
fraction

(2.7) 1+ aix/1 + aex/1 + asx/1 + - - -,
and let c#=0 be any number such that A,(—c)#0, (n=1,2,3,---). Put
(2.8) g = ancAn—2(— C)/An—l(— 6)7
n=1,2,3,---,A_1(—c)=1. Then the continued fraction (2.7) takes the form
L4 gi(x/c) (1 — g)ga(x/c) (1 — ga)gs(x/c) o
1+ 1 + 1 + )

Proof. One may verify immediately that ai1=gi/c, a.=ga(1 —ga.-1)/c,

n=2,3,4, - --,when the g,’s are given by (2.8).

We remark in passing that if @¢,0 in (2.7), and P(x) is the power series
corresponding to (2.7), then one may apply Theorem 2.1 to obtain the for-
mulas given by Stieltjes(®) for the continued fraction corresponding to
1/P(x). In fact:
1+ @&/ L4 (1 —g)(x/c) g1 — g)(x/c)

P(x) 1 + 1

+ 1 +

We may allow ¢ to become infinite and the correspondence will be maintained
provided the coefficients of x in the continued fraction have limits which are
finite and not 0. Accordingly we obtain this theorem:

(2.9)

THEOREM 2.4. If the power series P(x) has a corresponding continued frac-
tion (2.7) in which a,#0, n =1, then 1/P(x) will have a corresponding continued
fraction of the same form provided A:.(x), the numerator of the 2nth approxi-
mant of (2.7), is of degree n for n=0,1,2, - - - .

The condition of the theorem is met when the a,’s are real and positive,
which is the case with which Stieltjes was concerned. If one evaluates the
limits for ¢ = © of the coefficients of x in the continued fraction of (2.9), he
will find that the result agrees with that found by Stieltjes.

(5) O. Perron, Die Lehre von den Kettenbriichen, 1st edition, pp. 334-335.
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3. A uniform convergence theorem. In a recent(®) paper Scott and Wall
proved a theorem which may be stated in the following form:

THEOREM 3.1. If g1, g, g, - - - are real numbers such that 0<g, <1,
0=g.<1,n>1, and x1, %2, x3, - - - are functions of any variables, then the con-
tinued fraction

(1 —g)gawn (1 — ga)gsxe (1 — g3)gams
1+ 1 + 1 + 1 +
converges uniformly for |x,,| <1,n=1,2,3, . The denominators of all the

approximants are nonzero in this domain. Let G denote the value of the continued
fraction. Then

(3.1)

1 1
6l s —{1-
e glgz...g”

I 41
1
l +zl:(1—g1)(l—gz)--~(1—gn)

if |x,.| =1,n=1; and G is equal to the expression on the right if x,=—1,n=1.

We shall digress momentarily at this point to discuss two theorems given
by Perron on page 262 of his book. The first of these may, with no essential
loss in generality, be stated as follows:

THEOREM 3.2. If the elements of the continued fraction
(3.2) 1/1+a2/1+a3/1+a4/1+~-

are functions of any variables, then the continued fraction converges uniformly
over the domain characterized by the inequalities

|a”| é(?"_l)/Pﬂpn—h ”=2’3;4"".’
where p1, P2, ps, - - are any real constants greater than 1 for which the series
(3.3) X(r=D@= 1 (pa— 1)
1

1s divergent.

Perron then says: “Ein bemerkenswerter Spezialfall unseres allgemeinen
Kriteriums ist” and then proves a theorem, attributed to Van Vleck, which
may be stated as follows: '

THEOREM 3.3. If g1, g2, g3, - - - are real numbers such that 0<g, <1, n=1,
and xy, %3, X3, - - - are functions of any variables, then the continued fraction
(3.1) converges uniformly for |x,.| =1, nz=1.

(6) W. T. Scott and H. S. Wall, 4 convergence theorem for continued fractions, these Transac-
tions, vol. 47 (1940), pp. 155-172.
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It is a strange fact that the second theorem is more general than the first.
To see this, put @, =g,(1 —gu—1)xn, n=2; p,=1/(1—g,), n=1, and the second
theorem reduces to the first minus the requirement on the series (3.3).

It should be added that Theorem 3.3 is related to but quite different from
the theorem which Van Vleck proved(?). He gave preference to the continued
fraction 1/14gixo/14 (1 —g1)gex1/1+ (1 —go)gsxa/14 - - -, the reciprocal of
which is, except for an unimportant term and factor, the continued fraction
(3.1). Theorem 3.1 is an improvement over Theorem 3.3, in that the g,’s
after the first are permitted to be 0. For this reason Theorem 3.1 contains
the theorem given by Perron on page 258 (Theorem 26), in which it may be
assumed with no loss in generality that p;>1.

4. Totally monotone sequences corresponding to an “infinite distribution

of mass.” The sequence ¢, =folu"d¢(u), n=0,1, 2, - ,in which ¢(«) is real
and monotone nondecreasing is completely characterized by the inequalities
(4.1) Amc, = 0, myom =012+,

and is said to be a totally monotone sequence. If ¢(u) has an infinite number of
points of increase, we shall say that there is an infinite distribution of mass.

THEOREM 4.1. The sequence co, c1, C2, - - - 15 @ totally monotone sequence
corresponding to an infinite distribution of mass if and only if there exist real
numbers g, gs, g3, - - - Suchthat 0<g, <1, n=1, and such that

o— ax F cex? — - - ~c/1 4+ gqix/1 + (1 — g1)gax/1
+ (1 — ga)gsx/1+ -+, (co > 0).

Proof. Suppose that (4.2) holds. Then by Theorem 3.1 the continued frac-
tion 14gix/14(1—g1)gex/1+ (1 —ge)gsx/14 - - - converges uniformly for
lxl =1. If f(x) is the analytic function represented, then by Theorem 2.1
and Theorem 3.1, (14x)/f(x) is analytic for |x| <1, and therefore co/f(x),
the function represented by the continued fraction and series (4.2), is analytic
for |x| <1.

Now the coefficients of x in the continued fraction (4.2) are positive, and
hence by the work of Stieltjes, this continued fraction represents a function
of the form fowd¢(u)/(1+xu), where ¢(u) is monotone nondecreasing, and
has an infinite number of points of increase. Inasmuch as this function is
analytic for |x| <1, and the corresponding continued fraction converges uni-
formly for |x| <7 where 7 is any positive number less than 1, it follows
that the upper limit of integration may be taken equal to 1. Then
A'"c,.=fol(l—u)"'u"d¢(u), and therefore (4.1) holds. Thus the sequence is
totally monotone, and corresponds to an infinite distribution of mass.

Conversely, let ¢, =, 01 u"dp(u), where ¢ (#) is monotone nondecreasing and
has an infinite number of points of increase. That is, ¢q, ¢, ¢2, - - - is a totally

c
(4.2)

(") See footnote 3.
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monotone sequence corresponding to an infinite distribution of mass. Then,
by the work of Stieltjes, we must have a correspondence of the form

o — 1% + %2 — - - ~ar/1 4+ ax/1 + azx/1 + - - -,

where a,, as, a3, - - - are real and positive. Moreover, the function represented
by this series and continued fraction is f:dqb(u)_/(l +xu). Since- the limits of
integration are from 0 to 1, the zeros(®) of B,(x), the denominator of the nth
approximant of the continued fraction, are real and less than —1. Since
B,(0) =1 it therefore follows that B,(—1)>0. We may then apply Theorem
2.3, with ¢=1, to the continued fraction

1+ ax/1 + asx/1 + agx/1 + - - -,

the numerator of whose nth approximant is B,;1(x), and thus determine num-
bers g1, g, gs, - - - , such that

az = g1, an = gna(l — gn-s), n> 2.
Now, by Theorem 2.2,
Ao gl - g)x gl — go)x
1+ 1 + 1+

Also, Ac, = f:u"dqsl(u) where ¢:1(x) =, (1 —u)d¢ (1) is monotone nondecreas-
ing and has an infinite number of points of increase. It follows that the co-
efficients of x in the last continued fraction must all be positive, and that
Aco=co(1—g1) >0 (cf. (2.6)). We therefore have

4 > 0, gn—l(l - gn—2) > 0, n > 2,
1—g>0, gn—2(l — gu1) > 0, n>2,

Aco — Acix + Acgx? — - - -

and consequently 0<g,<1,n=1,2,3, - - -, as was to be proved.
5. Developments from the continued fraction algorithm. We shall begin
by considering an example. It is known(?) that the series

1
F(a> 1)7)_ x) =1 _ix+wx
v vy + 1)
has the corresponding continued fraction 1+4ex/1+4ex/14ex/14+ - - -,
where
o (a+n)(y+n-—1) niy+a+n-—1)
e = —> €2n €2nt1 = *
(v + 2n — 1)(v + 2n)

2 —

= )
v (r+2n—2)(y+2n—-1)
Naturally «, v are not negative integers or 0. We then readily find that

(8) Perron, loc. cit., p. 368 and p. 383.
(®) Perron, loc. cit., p. 348.
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1 gx (1 —g)gx (1 — gogsw
F(a7177;_x)=— :

1+ 1+ 1 4+ 1 +

where gen=n/(y4+2n—1), gea1=(a+n—1)/(v+2n-2),n=1,2,3,---.On
applying Theorem 2.1 we readily obtain the power series identity

1 Yy —a

5.1) Fleyl,7v; —x) =
(5.1) Fla,1,7; — 2) 1_|_x+ S 1tz

F(a)1’7+1;_x)°

The repeated application of this identity gives the Euler expansion
_ (v — @) x
14+« v (14 x)?
(v—a)(le-l—a) x? +
vy + 1) 1+ x)?
We now propose to obtain the analogous developments for the general

continued fraction of this form. For simplicity, let g, be real and 0<g, <1,
and put

F(a) 1) Y — x)

+

f(x) =14 gx/14+ (1 - gl)gzx/l + (1 - gg)gsx/l 4+,
so that
A+ 2)/f(x) = 14+ (1 — g)a/1 + g1(1 — g2)x/1 + go(1 — ga)x/1 + - - - .

Letfi(x) =14+g1(1 —g2)x/1+g:(1—gs)x/1+4 - - - , and denote by 4 ,(x) the nu-
merator of the nth approximant of this continued fraction. Then it is easy
to prove by mathematical induction that

An—l(_ 1) = 8182 " * ° gnSm
where

no (1 — 1 — e (1 —
S, = 1+Z( g)(1 — g2) (1—g)
k=1 8182 * 8k

We may therefore apply Theorem 2.3 with ¢=1 and obtain

A =14g s/l +g (1 — g )a/t +g (1 — g da/t 4+,

where g =g.(1—gn1)4n2(—1)/4na(—1)=(1—2gn1)Sss/Sa, =1, 2,3, - - -,
(So=1). Consequently 0 <g" <1, so that the continued fraction for fi(x) has pre-
cisely the same form as that for f(x). Hence we may write

t+z_, (U-g)e @'0-g)e g-g)s
fi(x) 1 + 1 + 1 +
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put fo(x) =14+gP 1 —gMx/1 4P (1 —g)x/14+ - - -, and apply the above
argument to the latter continued fraction. In thls manner we arrive at the
following theorem:

THEOREM §5.1. Let f(x) —1+g1x/ 1+ (1 —g)gex/1+ (1 —g2)gax/1+ - - -,
where 0 < g, <1. Define numbers g™ by the relations

() ' (m=1), _(m=1) , (m—1)

(5.2) g = gk, =1 — giy1 DSk /Se 7,

mk=1,2,3---,

.3 sP=1, sPo14y L o - -
el N gj'k 5

so that 0 <g("‘) <1; and put fr(x) =14+g%%/14+ (1 —g®)g®Px/14+ (1 — g )gPx/1

+ - - - . Then the functions fo=f, f1, fo, fs, - - - satisfy the following identities:
i — 1 + ( (k)) X 1 ,
fr 14+« 142 fin
k=0,1,2, -, and consequently 1/f(x) has the Euler expansion
S S F— g g
TN e—— —— g — o«
f& 1+ (1 + 2)? ‘ (14 27
COROLLARY 5.1. Let ¢o#0, and co/f(x) =co—cix+cex?— - - - . Then
(5.4) Aa=col — g1 —g) - (1—g" ).

COROLLARY 5.2. The correspondence

m (m) (m), (m)
A™cy — A™cix + Amcyx? Aco g1x (1—g )g2 &
- 1 92 — - -~
0 1+ 1 + 1

5-5 m m
-9 (1 — g")gs"x

4 n L

s valid form=0,1,2, - - - .

From (5.4) it follows that if ¢¢>0 then A™¢, >0 for m=1,2,3,---. We
shall show next that A™¢, >0 for all m, n. To do this it will suffice to prove

THEOREM 5.2. If0<g,<1 and
o — ax + cox? — - - - ~co/l + gix/1 + (1 — g1)gax/1

+ (- g/l 4,
then
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c1— 2%+ c3x2 — - - - ~c/1+ x/1 + (1 — ki) hex/1

where 0 <h,<1.

Proof. With the aid of Stieltjes integrals and the results of §4, one may
prove this theorem in a few lines. The proof may be made by means of the
continued fraction algorithm alone by means of the four lemmas which follow.

LEMMA 5.1. The continued fraction(1°)

+ U172 U203 Un—1Vn
U1 1 — -
s+ v2 — us+ vz — - — U+ O,
in which u;70,1=1,2,3, - - -, n, is equal to
U1
7 +
V2 V903 VU3 * * - Un
s T
Usg U2U3 UgU3 * * * Un

This may be readily proved by mathematical induction.

LeEMMA 5.2. Ifa,>0and

co— ax + cx? — - - - ~ a1/l + ax/1 + asx/1 + - - -,
then (1) :
61— 6%+ c3x% — - - - ~ b/l + bax/1 + bsx/1 4 - - -,
where
(5.6) b, = aiaq, be = as + as, bont1 = @2nts + Ganyz — Dangs,
a
(5.7) b2n+2 = QA2n+3 + Genst Qony102n1 e Qonp18an_y -+ * Q3
1+ + + -+
Ao A2nQ2n—2 A2nl2n—2 ° * * Q2
Proof. It is well known that ¢;—cex+csx?— - - - has a corresponding
continued fraction of the form specified. Moreover, the “odd part” of
ai/14ax/1+asx/1+ - - - must be the same as the “even part” of
bi/14boyx/14+bsx/1+ - - - . That is,
. 0102% a3a4%? a5a%?
(5.8) "o 14 (az+as)x — 14+ (aa+ as)x — 1+ (as + an)x —
bz bobsx? babsx?
T T Tt b — 14 (ot b)x — L+ (s bo)w —
(19) O. Szé4sz, Ueber die Erhaltung der Konvergens unendlicher Kettenbriicke - - - , Journal

fiir die reine und angewandte Mathematik, vol. 147 (1916), pp. 132-160.
(1) This holds for any a.’s such that there is no division by zero in the formulas.
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On equating corresponding elements in these continued fractions we obtain
(5.6) and the relation ba,b2ny1 = a2n4102042. Hence, on combining this with (5.6),

A2nt102n+2 A2n—102n a3a4

b2n+2 = Q2n43 + Aony2 — »

A1t Aon — Qan1+ Gon—z — - -+ — a2+ a3
which, by Lemma 5.1, reduces to (5.7).

LEMMA 5.3. If in Lemma 5.2 the a,’s have the form as=g1, @n=gn1(1 —g._2),
n>2, where0<g,<1,then0<b,<1,n=2.

Proof. We have 0<bs=1—(1—g1))(1—g2) <1, 0<bonyz=1—(1—ga1)
(1 —g2ny2) — g2ny182. < 1. Hence also, 0 <bg,1<1.

LEMMA 5.4. Under the hypothesis of Lemma 5.3 the numerators of the ap-

proximants of the continued fraction 1+4box/14bsx/1+bx/1+ - - - are all
positive for x = —1.

Proof. Let A,(x), n=0,1,2,---, be the numerators in question, and
let C.(x) be the denominator of the nth approximant of
(5.9) a/1 + aax/1 + asx/1 4+ - - - .

Then by (5.8), Cens1(x) =42a(x). Now | Ca(x)| = |14gx| =1 —g)| Ci(x) ], if
|x| <1.If, for any value of #, |x| <1 implies that

lcn(x)l = (1 — gu) | Cn—l(x)‘ 21 —g)(1—g)- - (1= gu),

then | Coy1(x)| =| Ca(®) +ga(1 —ga1)xCoca () | Z| Co(x)| —ga(1 = gns) | Caa ()|
if |x| <1. Hence('?)
[Con(@) | 2 A= g) [Ca@ | 2 1 = g)(1 —g2) - - - (1 = ga).

Inasmuch as C,(0)=1, we must therefore have Cini1(—1)=A42,(—1)>0.
Now Asznie(x) =Aons1(x) +b2nysxAs.(x). Hence if Agny1(x)=0 for —1=<x=0,
then As.42(x) and A4.,(x) would have opposite signs for this value of x. Since
this is impossible, it follows that As.41(—1)>0.

The proof of Theorem 5.2 may now be readily made. By Lemma 5.4 we
may apply Theorem 2.3 with c=1 and obtain by =5y, b, =h,_1(1 —h,_2), n>2,
where A,=b,1 4, 2(—1)/4,1(—1)>0. But by Lemma 5.3, 0<h<1,
0<hn1(1 —has) <1, m>2. Consequently 0<h, <1, n=1.

THEOREM 5.3. If &0>0, and
co— ax+ cx? — - - - ~co/l + g1x/1 + (1 — g1)gax/1
+ (1 — ga)gan/14 - - -,
where 0 < 2. <1, then A ‘

(12) This induction was used by Van Vleck, loé. cit.
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(5.10) ‘ A™c, > 0, m,n=20,12 ...
and
Acn A%, A3c,
(5.11) a < < < - <1, n=2012 .-
Cn Acy A%,

Proof. The inequalities (5.10) follow from (5.4) and Theorem 5.2. It will
suffice to prove (5.11) for the case n=0. By (5.4) we have

Amtlg, (m) (m—1) (m—1)
1> =(1—g )=1—gn (1-—g )
AmCo
(m—1) A™cy
>1—g - Amig >0,
m=1,2,3, -, which was to be proved.

6. Totally monotone sequences corresponding to a finite distribution of
mass. Consider a terminating continued fraction of the form c¢o/1+gix/1
+A—g)gex/14+ - - - + (1 —gir1)gix/1, where ¢y >0,0<g,<1,n=1, 2,3, - - -,
k—1,0<gr=<1. We know that if 2=2m —1 this continued fraction represents
arational function of the form

Azm(x) _ Ml + Mz + + Mm
Bom(%) 14 ax @ 1+ za, 1+ x2m

~ where M;>0,7=1,2,3,---,m,and 0<%, <x2< - - - <xn=1. On the other
hand, if 2 =2m, the function represented has the form
Ag,,.+1(x) M1 Mz Mm
—— = Mo+ + +-
Bamyi1(x) 14 %2, 14 xx0 14+ xxn
where M;>0,:=0,1,2,- -, m, and 0<% <x:< - - - <x,=1. Naturally
the M,'s, x;'s are not the same in the two cases. In either case if cp—cix
+cex?— - - - is the corresponding power series, then
e = 2 % M;, n=0,1,2---,
1a=0
where x,=0, x)=1, and lMo is positive or 0 according as k=2m or 2m—1.
Thus we may write ¢, = fju"d¢(u), n=0, 1, 2, - - - , where ¢(«) is a monotone
nondecreasing function with but a finite number of points of increase.
Conversely, let ¢y, c1, ¢z, - - - be a totally monotone sequence correspond-

ing to a finite distribution of mass. Then ¢, has a representation of the form

. 1
(6.1) c,,=f urde(u), n=20,12,.---,
0
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where ¢ () is a step-function. There are two cases to be considered according
as ¢ (u) is or is not continuous at »=0.

LEMMA 6.1. Let A,, B, denote the determinants |ciyi|, |civiri| G, 7=0,
1, - - -, n), respectively. Then if ¢(u) is continuous at u =0, these determinants
are positive for n<m, and if ¢(u) is discontinuous at =0, A,>0 for n<m,
and B, >0 for n <m, where m is the number of values of u>0 where ¢(u) is dis-
continuous.

Proof. Put

e = 2 % M;, n=0,1,2 -,
=0

where 0<% <x:< -+ - <xm =1, My, Ms, - - -, M,, are positive, and x,=0,
x9=1. If ¢(u) is continuous at =0, then M,=0, while if ¢(«) is discontinu-
ous at =0, M,>0. Consider the quadratic form

n 1 i=n 2
2 Civiseifi = f “'{ > Eiui} do(u).
t,j=0 0 =0

If »=1 this is clearly positive definite for # <m, so that B,>0 for n<m in
both cases. When r =0, it is positive definite for n <m if ¢(«) is continuous
at #=0, and for n<m if ¢(u) is discontinuous at »=0. Hence 4,>0 in the
first case for n <m, and in the second for n <m.

Now
Pr)=co—ar+ca?— - =M+ o + M +
14+ 22, 14 xx,
M, _ S(x)

1+ x2m  T(x)

where T'(x) is a polynomial of degree m, and S(x) is of degree m or m—1 ac-
cording as My>0 or My=0. Put

ay = Co, a2n = Bn—lAn—2/An—an—2) Qony1 = Aan—z/Bn—lAn-l,

n=1,2,3,---,A_1=B_;=1, and form the continued fractions
Azm a a2x amx O-%

(6.2) mld) o o mr 22,
Ban(x) 14+ 1 +---4+ 1 +

and

6.3) Apmi1(x) o1 G Gami1 % 2,

Bomia(z) 14+ 1 4+---4+ 1 + 1

according as M,=0 or M;>0. The vanishing partial quotient is affixed for a
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reason to appear presently. On taking account of the degrees of numerators
and denominators, and of the degree of approximation of these rational frac-
tions to the power series P(x), we conclude that they are identical with
S(x)/T(x) in the two cases.

The denominators of the nth approximants of (6.2), (6.3) are greater than
0if —1=x=0, and n<2m, n<2m+1, respectively. Hence we may apply
Theorem 2.3 with ¢=1 to show that the a,’s have the form g,1(1 —g._2),
n>2, az=g1. We then apply Theorem 2.2 and obtain in the case of (6.2):

ACo gl(l bl gl)x
1 + 1 + .-
g2m_2(1 - g2m—l)x 8o2m—1%

+ 1 + 1

It is easy to see that ¢(«) is discontinuous at # =1 if and only if gon_1=1. In
case gam—1=1, the above continued fraction terminates with the (2m—2)th
partial quotient, while if gsm_1<1 it terminates with the 2mth partial quo-
tient.

Now Ac,,=f:u"d¢1(u), where ¢1(u) =f:(1 —u)d¢(u). Hence ¢1(u) has the
same number of discontinuities as, or a smaller number by one than, ¢(u),
according as 1 is not or is, respectively, a point of discontinuity of ¢(«). Since
¢1(u) is a function of the same character as ¢ (#), we conclude that 1 —g; >0,

ACo b Aclx + A62x2 _—

gn1(1—g,)>0,n=2,3, - ,2m—2if ggn1=1,and n=2,3, - - -, 2m—1if
gam_1<1. But we previously had g:>0, g,(1—g,-1)>0,2=2,3,-- -, 2m—1.
Hence we conclude that 0<g,<1,n=1,2,3, - +,2m—2, 0<gm1=1. The

treatment of (6.3) is exactly the same. We have therefore completed the proof
of the following theorem:

THEOREM 6.1. If ¢o, c1, C2, -+ - 1S a totally monotone sequence corresponding
to a finite distribution of mass, then co—cix+cox®*— - - - is the constant ¢o =0,
or else

co— c1% + cox? — -+ ~co/1 + gux/1 + (1 — g)gaa/1 + - - -
+ &:(1 — gi—1)x/1,
where 0<g, <1, n<k, 0<gr=1, ¢o>0. Conversely, any sequence determined in

this way s a totally monotone sequence corresponding to a finite distribution of
mass.

7. The moment problem for the interval (— «, 1). The methods used pre-
viously may be employed to prove the following theorem:

THEOREM 7.1. If ¢(u) is a monotone nondecreasing function in the interval

1 .
(— =, 1), such that the moments c,,=f_wu"d¢(u), n=0,1,2, .-, are all finite,
and if the series co—cix~+cox?— - - - has a corresponding continued fraction,
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then this continued fraction must have the form
(7.1) co/1+ gx/1 + (1 — gi)gex/1 + (1 — ga)gaw/1 + - - -,
where ¢y >0, and

gan_182n > 0, (1 — gan1)(1 — g2n2) > 0,
n=1,2,3,--., go=0.

Proof. Let &;/14bsx/1+b3x/1+ - - - be the corresponding continued frac-
tion which is supposed to exist. Then it is known(*®) that b, >0, b2,b2,41>0,
n=1,2,3, . The zeros of the denominators B,(x) of the approximants of
this continued fraction are all real and none of them lie in the interval(!4)
—1=x=<0. Hence B,(—1)>0. By Theorem 2.3 we may then write this con-
tinued fraction in the form (7.1) where g,70, 1, n=1. Then by Theorem 2.2
we have

Aco gi(l — gz g(1 — go)x o
1 + 1 + 1 + '

Now Amg,=[" (1—u)ymurdp(u)=J" urdg(u), where ¢s(u)=["_(1—u)"dp(u)
is monotone nondecreasing for — © <% =<1, and consequently Aco=co(1 —g1)
>0, gen—182.(1 —g2,) (1 —geny1) >0, n=1. The theorem now follows. We shall
leave unanswered the question of the converse of this theorem.

8. Moment generating functions which are bounded in the unit circle.
The problem of this section is to specialize the continued fractions of
Theorems 4.1 and 6.1 in such a way that the moment generating function
flx)=co—c1ix+c2x2— - - - will be bounded in the unit circle, that is

M(f) = Lub. | f(%)]
lz| <1

Acy — Acix + Acex? — - - -

will be finite. Our first result is contained in the theorem which follows.

THEOREM 8.1. The funciion f(x) =co—cix+cex2— - - - 1is in the class E, of
moment generating functions bounded in the unit circle, if and only if there is a
correspondence of the form

hf(x) ~g/1 4+ (1 — g)gex/1 + (1 — go)gsx/1 + - - -,

for some sufficiently small positive number h and for real g,’s such that 0=g, <1,
n=1, 2, 3, - -, where it is agreed that the continued fraction shall terminate
with the first identically vanishing partial quotient. When the condition is satis-
fied, M(f) =1/h, and k can be taken equal to 1 if and only if M(f) 1.

Proof of sufficiency. Suppose first that the continued fraction terminates

(%) H. Hamburger, Mathematische Annalen, vol. 81 (1920), pp. 235-319, and vol. 82
(1921), pp. 120-187.
) Cf. footnote 8.
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and that Af(x) =g, 051 =1, or hf(x)=g/14+ (1 —g)gex/1+ - - - +(1—gs)
gex/1,k=21,0<g, <1, n=1,2,3, -,k 0<gr1=1. The first possibility
is at once disposed of. When g1 <1, the second possibility is disposed of by
Theorem 3.1; and when gr41=1, it is required to be shown that the rational
function Af(x) has no poles for ]xl =1. To do this, recall that the function
1/(14xhf(x)) has the form

M, 4 M, I i Mpy M.
14+ 220 14+ ax 14 2xpm 14 xxn

where xg=0<x:1 <202 < - - - <% =<1, My20,M;>0,2=1,2, - - - , m, and that
in the case under consideration x, =1. Consequently, the zero of this function
which lies nearest the origin is less than —1, so that the function 1+4xhf(x)
has no pole for |x| <1 and therefore M(f) is finite. It will be seen that
f(=)=1/h=cot+a+ct+ - - =M.

When the continued fraction does not terminate, then by Theorem 3.1,
M(f)<1/h,and f(x) € E.

Proof of necessity. Suppose conversely that f(x) € E, and let f(x) =¢,/1
+hx/14+ 1 —h)hex/1+ (1 —he)hsx /14 - - -, where ¢20, 05k, <1, n=1.
If co=0 or k=0, the theorem is obviously true. Suppose ¢,>0, 0<k,<1,
n=1,2,---,k—1,0<ht=1, and that the continued fraction terminates by
having hi41(1 —hi) =0. Then we must have k<1, for otherwise f(x) has a
pole at x = —1. Now consider, whether or not the continued fraction termi-
nates, the function

1/(1 4+ xhf(x)) = 1/1 + heox/1 + hix/1 + (1 — k) hex/1
+ (1 — h)hsx/1 + - - - .

Since0<h1 <1,0=k,<1,n>1, the continued fraction 1 +kwx/14+ (1 — k1) hex/1
4+ (1 —ho)hsx/14+ - - - converges uniformly for |x| =1, by Theorem 3.1, and
cannot vanish for ]xl =<1since M(f) < « by hypothesis. It readily follows that
k>0 can be so chosen (k=1 if M(f)<1), that for every r, 0 <r<1, the con-
tinued fraction for 1/(1+xAf(x)) converges uniformly for lxl =r, and conse-
quently we must have, for the chosen value of &,

1/(1 + zhf(z)) = f do(u) /(1 + 1),

where ¢ (%) is some monotone nondecreasing function. Hence 1/(14xhf(x))
is a moment generating function, and therefore has a representation of the
form 1/14-gix/14+(1 —g)gex/14+ (1 —g2)gsx/1+ - - -, so that Af(x) has a rep-
resentation as prescribed by the theorem.

Another characterization of E in terms of continued fractions is given by
the theorem which follows:
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THEOREM 8.2. Given a moment gemerating function f(x)=co/14+g1x/1
+(1—g)gex/1+ - - - (co20, 0=5¢g.=1), f(x) € E if and only +f f(x)=c, 20,
or f(x) =co/l1+gx/1+(1—g)gex/1+ - -+ + (1 —gr-2)gr1x/1, where ¢;>0,

0<g. <1, n=1, 2, 3,---, k—1; or else f(x)=co/1+gix/1+ (1 —g1)gex/1
+(1—ga)gsx/14+ - - -, where ¢o>0,0<g,<1,n=1, and the series

iy g182 "~ &
8.1) 143 :

a1 (1 — gl)(l —g) - (1 —gn)
converges.

Proof. The case of the terminating continued fraction is easily disposed of,
for when the condition is satisfied the rational function has no poles for
lx | =<1, while if gr_1=1 (the only alternative) there is a pole at x = —1.

In the case of the nonterminating continued fraction, the function
co/f(x)=14gwx/14+ (1 —g1)gex/1+(1 —gs)gax/14 - - - is analytic for |x| <1
and continuous for |x| =<1. Also by Theorem 2.1 the function (1+4x)f(x) en-
joys these same properties. Thus f(x) is continuous for | xl =<1 except possibly
at x=—1. But by Theorem 3.1 f(—1)/c, is equal to the series (8.1) and is
therefore finite if and only if the latter converges.

9. A characterization of E in terms of the moments ¢,. We now prove

THEOREM 9.1. A moment generating function f(x) =co—cax+cox?— - - - s
in E if and only if the series co-+-c1+c2+ - - - converges, and when the condition
s satisfied we have

M{f)=c+a+c+---.

Proof. Sufficiency: When the series co+c1+c:+ - - - converges, the se-
quence d,=cp+Crp1+Cnp2+ - - -, n=0, 1, 2, - - -, is totally monotone, so
that the power series do—dix+dsx?— - - - has a corresponding continued
fraction of the form do/14+hx/14+1—h)hex/1+ 1 —ho)hsx/14 - - -,
(dy=20, 0=h,<1). Then, since Ad,=c,, it follows from Theorem 2.2 that
co—Cix+eax?— - - - ~co/1+(1—g1)gax/1+ (1 —g2)gsx/14 - - - where we have
put g,=1—h,, n=1,2,3, - -.That f(x) £ E now follows from Theorem 8.1.

Necessity: The necessity of the condition results at once from a theorem of
Abel. However, it is interesting to give a direct proof. Suppose then that
f(x) ¢ E. Then by Theorem 8.1 we must have Af(x)~gi/14+(1—g1)gx/1
+(1—g2)gsx/1+ - - - for some k>0, where the g,’s are restricted as in Theo-
rem 8.1. Therefore 1+hxf(x)~1+g1x+(1 g1)gex/14+(1— gz)gsx/l-{- -, SO
that, by Theorem 2.1,

14 hxf(x) i 1—g)x gl —g)x o
14 % 1 4+ 1 + 1 +

Consequently the function (1+hxf(x))/(1+x) is'a moment generating func-
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tion. Its power series expansion is 1 — (1 —/Aco)x+ (1 —hco—hc)x2— - - -, so
that 1 —h(co+caitc+ - - - +¢,)20 for n=0, 1, 2, - - - . It follows that the
series »_c; is convergent. .
Since f(—1) =co+c1+c+ - - -, it follows that M(f) is equal to this sum.
As a corollary to Theorem 9.1 we have

THEOREM 9.2. The moment generating function f(x) is in E if and only if it
has a Stieltjes integral representation of the form

(- u)d¢(u)
0 1+ xu

in which ¢ (u) is bounded and monotone nondecreasing.

fl@) =

Proof. If f(x) € E, then the series > c; converges. Let d, be defined as in
the proof of Theorem 9.1. Then the function do—dix+dex*— - - - hasarepre-
sentation of the form f de(u)/(1+xu), where ¢ («) is bounded and monotone
nondecreasing. Since we must have f(x) = f (1—u)dp(u)/(14+xu), the neces-
sity of the condition is proved. Conversely, if the condition is fulfilled, put

—dix+dox?— - - - =f;d¢(u)/(1 +xu), where ¢(u) is given, Then ¢, =Ad,,
so that>_c; =do—lim,-, d. is convergent, and consequently f(x) & E.

10. The algorithm of Schur. Starting with a function f(x) of E for which
M(f) =1, we construct with Schur(*®) a sequence of functions f.(x) in the fol-
lowing way. Put fo(x) =f(x),

t — fu(2)
1 - tnfn( )
If M(f)=1, then M(f.)=1, and if M(f) <1, then M(f.)<1,(n=1,2,3,-- ).

If f(x)=gi, then fo(x)=0forn=1,2,3, - - - . If f(x) =g1/14+ (1 —g1)gex/1,
then fi(x) =g /14+ (1 —g")gix/1, where

(10.1) fn+l(x) t, = fn(0)> n=0,1,2---.

e ey
g = ng/(1+g1), g = gg/(1+ 51— g1g2),

so that if 0<g1 <1, 0<g; <1, then 0<g{" <1, 0<g{® <1. We shall prove this
theorem:

THEOREM 10.1. If f(x)=g/1+(1—g)gex/1+ (1 —ge)gsx/1+ - - -, 0=5g. =1,
n=1,2, 3, -, with the agreement that the continued fraction shall terminate
with the first identically vanishing partial numerator, so that f(x) is a moment
generating function and M (f) £ 1, then the functions fi(x), fo(x), fs(x), - - - given
by (10.1) are all moment generating functions and M(f.)<1. The only case
where any of these functions are constants is where f(x) = g1, whereupon f,(x) =0,
n=1,2,3,---.

Proof. By (10.1), if f(x) is not a constant, then
(1) Cf. footnote 4.
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1 - gt)
0.2 P =e T T

=g — g/ + gl — k)x/1 + gs(1 — g)x/1 + - - -,

where we have put 1—h=1/(14g1), li=g1/(1+g1). This function is evi-
dently of the form g1 —g(x), where g(x) is a moment generating function and
g2(0)=g1. Put g(x)=g1—dox+dix?— - - -, and we find that fi(x) =d¢—dix
+dyx?— - - - and is therefore a moment generating function. On account
of the character of the transformation used, M(fi) =1. Consequently, by
Theorem 8.1, fi(x)=g"/14+(1—gM)gPx/14+1—g)gPx/14+ - - - where
0=g"=<1,n=1,2,3, - - -, with the oft repeated convention regarding termi-
nation of the continued fraction.

In the same way, starting with fi(x) instead of with f(x), we find that
f2(x) is a moment generating function, and M(f;) =1; and by induction,
fa(x), fa(x), - - - all have this property.

We saw previously that when f(x) =g, then f,(x)=0, (n=1,2, 3, ---).
It remains to be shown that this is the only case where any of the functions
can reduce to a constant. To do this, it suffices to show that if fi(x)=c¢, a
constant, then ¢=0. We have

fo =2 - gex — gic' (1 — gnx’ — -+ .
1 — cagy
Since this is a moment generating function, we must have —gic2(1—g}) 20,
which implies that ¢=0, or else g=0 or 1. But when g1=0 or 1, we must
have f=g, and consequently fi=c =0 in this case also.
As a corollary we have

THEOREM 10.2. If f(x) is @ moment generating function for which M(f) =1,
then the sequence to, t, ts, - - - given by (10.1) has the property of a totally mono-
tone sequence that if any member is O the others are also O with the possible ex-
ception of the first.

In a number of examples which we have examined, the sequence { t,,} has
been found to be totally monotone. Technical difficulties have thus far pre-
vented us from determining whether or not this is always the case. Also, the
question as to the converse of this naturally arises, namely, if {t,,} is a totally
monotone sequence, will the function f(x) which this sequence determines be
a moment generating function with M(f) =1?

In conclusion we shall give recursion formulas for computing the ¢,’s in
terms of the g,’s. From (10.2) we have

() = g — & (1= h)gex (1= g)gsx
1 =& 1+ 1 + 1 +
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which is equal to gPx/14+ (1 —gM)gPx/14+ (1 —gi")gx/14+ - - - . On equat-
ing the odd part of the first of these continued fractions to the even part of
the second we obtain at once the formulas
(1) (1) 1) 82
g = gg/(1+g), g2 (1—g )=
(10.3) 14+ g
. @ @ H) IH)
gn gnt1(l — ga-1)(1 — gn ) = gnirgnsa(l — ga)(1 — gny1),

1) (1) 1) 1)
gnt1(1 — gn ) + gat2(l — gny1) = gnr2(1 — gny1) + gars(l — gnya),

+ g3(l - g2))

n=2, 4, 6, - - - . By means of these relations one may show that the se-
quence t,=g™, n=0,1, 2, - (g®=g) is monotone decreasing. In fact,

tn <t,,_1/(1+t,,_1), n= 1, 2, 3, tet .

Using a result of Schur (*¢) one may obtain formulas for the ¢,’s in terms of
the g,’s. To do this, let the nth approximant of the continued fraction for
f(x) be

Aa(x) a0+ a1x + a2 4 - - - 4 arxt

Ba(x) B bo + b1x + bax2 4 - - - + byxt

This rational function is a moment generating function, and its modulus is
less than or equal to 1 for |x| =<1 provided M(f) <1. Moreover, the sequence
{ti} for this function will be in agreement with that for f(x) up to and in-
cluding the term of index n —1. Moreover, the ¢;’s and b,’s can be computed
in terms of the g;’s. Using the notation of Schur, we then put

bo 0 -0 @G Q1 Am—g Gm—1

bl bO ---0 0 Qo Am—3 Am—2

bm_l bm_z"‘bo 0 0---0 ao
ao 0 -0 bo bl LR bm_g bm_1
a a ---0 0 bo - bms bmz

b =

Gm—l Qm—z -y O 0---0 bo

where a;=0if 2>k and b;=0 if 2>7r. A formula of Schur('?) then gives for ¢;

i 1bing) 12
5= {1 _ i +1} ’
52

which is valid for=0,1,2, - - - , n—1.

(1%) Schur, loc. cit. (first part), pp. 213-215.
(*") Loc. cit., p. 215, formula (12).
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